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Summary. — The neutrino oscillation data are well explained by the tri-bimaximal 
pattern. Recently it has been shown that also the bimaximal pattern could be a 
very good starting point in order to describe the lepton mixing. In this paper I 
review both the flavour structures and then I present an explicit example. 



PACS 11.30.Hv 
PACS 14.60.Pq - 



Flavour symmetries. 
Neutrino mass and mixing. 



1. The lepton mixing matrix 

The solar and the atmospheric neutrino anomalies are well explained by the oscillation 
of three massive neutrinos: in table [T] there are the results of two independent global fits 
from [T] and [2] of the experimental data. 



Table I. - Neutrino oscillation parameters from independent global fits fll 



Ref. [I] Ref. [2j 



parameter 


best fit(lcr) 
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0.36-0.67 
< 0.056 
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The pattern of the mixings is characterized by two large angles and a small one: the 
atmospheric angle #23 is compatible with a maximal value, but the accuracy admits rel- 
atively large deviations; the solar angle 812 is large, but about 5<r errors far from the 
maximal value; the reactor angle #13 only has an upper bound, which can be parame- 
terized at 3<T as sin 2 < Xq, where Ac — 0.23 is the Cabibbo angle. Measuring the 
reactor angle in future experiments represents a fundamental task in order to understand 
the pattern of the neutrino mixing [3]. 

From the theoretical point of view, for long time, people tried to reproduce models 
with a maximal angle and a vanishing one. The most general mass matrix which provides 
#13 = and #23 maximal owns the \i — r symmetry, for which (771^)2,2 = ("1-^)3,3 and 
(m„)i,2 = (m„)i,3, and it is given by 



(1) 



It depends on four real parameters: the three masses and the solar angle, which can be 
written in terms of the parameters of the matrix as 

(2) sin 2 2#i2 




(x — y — z) 2 + 8y 2 

Many models have been constructed introducing a flavour symmetry in addition to the 
gauge group of the Standard Model in order to provide the /i — r symmetric pattern 
for the neutrino mass matrix, but in all of these the solar angle remains undetermined. 
It is therefore needed some new ingredient other than the \x — r symmetry to describe 
correctly the neutrino mixings from the theoretical point of view. 

A second relevant aspect concerns the maximality of the atmospheric angle: it is a very 
well known result [3] that a maximal atmospheric angle can be achieved only when the 
flavour symmetry is broken. As a consequence, the new flavour symmetry needed to 
correctly reproduce the three mixing angles has to be broken, spontaneously or softly. 

IT. The Tri-bimaximal mixing. - In what follows I review two relevant flavour pat- 
terns, which can be considered an upgrade of the fi — r symmetry. The first one is the 
tri-bimaximal (TB) pattern [5] which assumes a vanishing reactor angle, a maximal at- 
mospheric angle and sin 2 812 = 1/3. From eq.((2]) it results w — x + y — z and therefore 
the most generic mass matrix of the TB-type is given by 

V V 

(3) ml B = ( y z x + y - 

Vy-z z 

This matrix satisfies the fj, — t symmetry and the so-called magic symmetry, for which 
(m^ B )i4 = (to^ b ) 2 ,2 + ( m v B )2,3 — ( TO ^ B )i,3- It is diagonalized by a unitary transfor- 
mation in such a way that (rn^ B )diag = (U TB ) T rn^ B U TB , where the unitary matrix is 
given by 

/273 1/V3 

(4) U TB = ( -1/V6 1/V3 -1/V2 

-1/V6 l/v/3 +1/V2 
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Note that U TB does not depend on the mass eigenvalues, in contrast with the quark 
sector, where the entries of the CKM matrix can be written in terms of the ratio of the 
quark masses. Moreover it is a completely real matrix, since the factors with the Dirac 
phase vanish (the Majorana phases can be factorized outside). 

Many flavour symmetries have been used to recover the TB pattern: the most known 
are the discrete groups A4 [H [6] , T" [7] , S4 [8] and some continuous groups [9] . In all 
these models, when the symmetry is broken, some corrections to the mixing angles are 
introduced: in general all of them are of the order of A c and therefore these models 
suggest a value for the reactor angle which is very small, at most of the order of 0.05. 

1*2. The bimaximal mixing. - In agreement with the data in table HI the reactor angle 
is suggested to be non-vanishing and, if a value close to the present upper bound is found 
in the future experiments, this could be interpreted as an indication that the agreement 
with the TB mixing is only accidental. Looking for an alternative leading principle, it 
is interesting to note that the data suggest a numerical relationship between the lepton 
and the quark sectors, known as the complementarity relation, for which 612 + Ac — 7r/4. 
However, there is no compelling model which manages to get this nice feature, without 
parameter fixing. Our proposal is to relax this relationship. Noting that ^/m^/mr ~ Ac, 
we can write the following expression, which we call weak complementarity relation 

(5) 

The idea is first to get a maximal value both for the solar and the atmospheric angles 
and then to correct 812 with relatively large terms. To reach this task, the bimaximal 
(BM) pattern can be extremely useful: it corresponds to the requirement that 6*13 = 
and 6*23 = 6*12 = t/4. For the solar angle we can alternatively write that sin 2 #12 = 1/2, 
which brings to w = x — z from eq.([2|). The most general mass matrix of the BM-type 
and its diagonalizing unitary matrix are then given by 

1/V2 -1/V2 

(6)m BM =[ y : x - z I , U BM = I 1/2 1/2 -1/V2 





1/2 1/2 +1/V2 

where m BM satisfies to the (i — T symmetry and to an additional symmetry for which 
(m BM )i t i = (m BM )2,2 + {m BM ) 2 ,3. Note that U BM does not depend on the mass 
eigenvalues and is completely real, like in the TB pattern. 

Starting from the BM scheme, the corrections introduced from the symmetry breaking 
must have a precise pattern: <5sin 2 #i2 ~ Ac, while 6 sin 2 #23 < A 2 ^ and (5 sin #13 < Ac 
in order to be in agreement with the experimental data. This feature is not trivially 
achievable. 



2. The model building 

In this part I present a flavour model in which the neutrino mixing matrix at the 
leading order (LO) is the BM scheme, while the charged lepton mass matrix is diagonal 
with hierarchical entries; moreover the model allows for corrections that bring the mixing 
angles in agreement with the data (for details see [TO]). The strategy is to use the flavour 
group Gf = S4 x Z4 x U(1)fNi where £4 is the group of the permutations of four objects, 
and let the SM fields transform non-trivially under G/; moreover some new fields, the 
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flavons, are introduced which are scalars under the SM gauge symmetry, but transform 
under G/; these flavons, getting non- vanishing vacuum expectation values (VEVs), spon- 
taneously break the symmetry in such a way that two subgroups are preserved, Ge = Z4 
in the charged lepton sector and G v = Z2 X Z2 in the neutrino sector, ft is this breaking 
chain which assures that the LO neutrino mixing matrix is the BM pattern and that 
the charged lepton mass matrix is diagonal and hierarchical. As a consequence the LO 
lepton mixing matrix U = {Ue)'U v , the only which can be observable, coincides with 
U BM . 

Thanks to the particular VEV alignment, the next-to-leading order (NLO) corrections, 
coming from the higher order terms, are not democratic and the corrected mixings are 

(7) sin 2 6>i2 = i - -^=(a + b) , sin 2 6» 23 = ^ , sin 6 13 = —= (a - b) , 

where a and b parameterize the VEVs of the flavons. When a and b are of the order of the 
Cabibbo angle, then the #12 is brought in agreement with the experimental data; in the 
meantime the reactor angle is corrected of the same amount, suggesting a value for #13 
close to its present upper bound. Note that the atmospheric angle remains uncorrected 
at this order. 

It is then interesting to verify the agreement of the model with other sectors of the 
neutrino physics, such as the CV2/3-decay and the leptogenesis. The result of the analysis 
is that the model presents a normal ordered - moderate hierarchical or quasi degenerate 
- spectrum with a suggested lower bound for the lightest neutrino mass and for the ef- 
fective 0V2/3-mass parameter \m ee \ of about 0.1 meV. On the other hand it is compatible 
with the constraints from leptogenesis as an explanation of the baryon asymmetry in the 
Universe. 

* * * 
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